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ABSTRACT
The scope of the presented bachelor’s thesis was the establishment of a probabilistic
model for material strength of textile reinforcement used for textile reinforced concrete.
This reinforcement is composed of AR-glass multi-filament yarns. The goal of this thesis
was to determine the potential weak spot of the textile yarn and evaluate its strength
in overall. The weak spot could have been a lateral cross-connection, which narrowed
the textile yarn at several locations. Another thing of interest was the observation of
statistical size effect with the increasing length of textile yarn. In order to properly fit
the numerical model to real behavior of multi-filament yarns, five series of experimental
tensile testing has been executed in laboratory. Each series consisted of 8-10 specimens
and had a different yarn length. Maximum tensile force and maximum deformation have
been measured to obtain L-D diagrams for each specimen. Measured data were statis-
tically analyzed and gave the information necessary for the identification of probabilistic
model parameters. This parameter estimation has been carried out with the help of
numerical and optimization methods included in Python programming algorithms. The
problem statement resulted in a combination of model parameters describing the textile
yarn behavior. The statistical size effect was observed corresponding to the Weibull
theory. The performed study showed that the failure of the textile yarn depends on
material strength of its filaments. There are no load concentrators at the location of
lateral cross-connections affecting the yarn failure.
KEYWORDS
textile concrete, AR-glass textile, multi-filament yarn, probabilistic model, Weibull theory,
maximum likelihood, statistical size effect, tensile test, weakest link
ABSTRAKT
Cílem předložené bakalářské práce bylo sestavit pravděpodobnostní model pevnosti výz-
tuže textilního betonu. Tato výztuž se skládá z vláknitých svazků ze skelného materiálu,
které jsou impregnované epoxidovou pryskyřicí. Hlavním zájmem této práce bylo zjistit
možné slabé místo v tomto textilním svazku a také ověřit jeho pevnost. Tímto slabým
místem mohl být příčný spoj, který zužuje svazek v několika místech. Dalším zájmem
bylo pozorovat vliv velikosti svazku na jeho pevnost. Za účelem správného sestavení
výpočtového modelu bylo třeba experimentálních tahových zkoušek. Těmito zkouškami
prošlo pět sérií vzorků, které se lišily délkou svazku. Každá série obsahovala 8-10 vzorků.
Výsledkem experimentu byly L-D diagramy jednotlivých vzorků, jejichž data přispěla k
identifikaci parametrů modelu. Tyto odhady parametrů byly vypočítány díky numerickým
metodám a optimalizačním funkcím v rámci programovacího algoritmu. Výsledkem para-
metrické studie byla kombinace čtyř parametrů pravděpodobnostního modelu popisující
chování textilního svazku. Statistický vliv velikosti byl prokázán s odkazem na Weibullovu
teorii pevnosti. Provedený výzkum ukázal, že příčný spoj není slabým místem svazku a
nevyskytují se zde koncentrátory napětí. Pevnost svazku textilní výztuže tedy závisí na
pevnosti jeho podélných vláken.
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1 INTRODUCTION
Textile Reinforced Concrete (TRC) is a relatively new composite material used for
various purposes in civil engineering. The cementitious matrix of concrete substrate
provides the compressive strength while the tensile reinforcement of textile mate-
rial provides the neccessary tensile resistance. It is potentially taken as possible
future replacement for steel reinforcement in suitable constructions [8]. Textile re-
inforcement is made of either alkali-resistant (AR) glass or carbon filaments. The
hundreds to thousands of filaments create a yarn. The unit “tex” defines the yarn
fineness and it is a mass in grams per 1000 meters. It depends on the number of
filaments, material density and an average filament diamater. These yarns are then
impregnated with different kinds of epoxy resin to ensure the proper anchorage of
textile reinforcement into concrete matrix and overall duratibility of the reinforce-
ment in concrete constructions. It was showed [9] that the impregnation is necessary
to ensure the internal bond between the concrete substrate and AR-glass filaments.
Yarns are then combined into textile grids, which are applicable in various forms as
can be seen from Fig. 1.1. Knowledge of the tensile breaking force of textile rein-
(a) slab reinforcement (b) column reinforcement (c) layered reinforcement
Fig. 1.1: Textile Reinforced Concrete reinforcement [8]
forcement and the corresponding deformation is important to develop proper design
models for alternatively reinforced concrete members [9]. The tensile strengths of
impregnated textiles around 3000 N are six to eight times higher than the bearing
forces of steel bars.
Textile reinforced concrete offers slender, thin-walled structural members in over-
all. Necessary concrete cover reaches values in a few milimeters, which implies the
small structural thickness. The economic and enviromental advantages are of great
importance as well. TRC members are light-weight, their handling and transporta-
tion is relatively easy. Possible material savings compared to steel reinforcement
can be up to 80% [8]. Textiles do not corrode, which enables low-maintenance and
are designed for long-term serviceability. TRC members have a finer crack pattern,
which reduces the obvious cracks appearing in steel reinforced concrete. That leads
to a better load distribution and less stress concentrators at a crack tip.
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The production of TRC is more ecological because far fewer CO2 emissions are
released during its process. As it is noted in [8]: “Textile-reinforced concrete solu-
tions reveal the ‘green side’ of the construction industry.”
Textile reinforcement is also applicable for maintenance of existing structures,
like for the protection of bridges. Steel reinforcement usually overcomes a weakening
of cross-section due to corrosion. That is not the case for textile reinforcement, so
structural members with steel bars can be preserved for the long-term by textiles [8],
which have greater duratibility in time and do not corrode. Carbon reinforcement
strengthening can be applied enabling repairs of damaged steel bars and prolonging
the serviceability of a structure. This strengthening is characterized by a minimum
amount of added weight. One important textile reinforced concrete application is a
TRC bridge in Albstadt-Lautlingen, Germany, opened in 2010. Its length is about
Fig. 1.2: Albstadt-Lautlingen TRC bridge [10]
100 meters and due to the fact that it is made of TRC, it is one of the most slender
concrete bridges in the world [8]. Textile concrete AR-glass reinforcement used in
Fig. 1.3: Textile reinforcement of Albstadt-Lautlingen bridge beam members [10]
the construction of this bridge and its application is shown in Fig 1.3.
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Usually, TRC is used for fac¸ade panels, screening walls (see Fig. 1.4), face-wall
panels for sandwich walls or even as a furniture due to shape possibilities of textile
reinforcement.
(a) Facade panels (b) Sandwich face walls (c) Screening walls
Fig. 1.4: Textile Reinforced Concrete applications [8]
The scope of presented Bachelor’s thesis is the establishment of probabilistic
model for AR-glass reinforcement that is being applied to textile concrete. The re-
inforcement is composed of multi-filament yarns impregnated with epoxy resin. This
model was set up to analyze the behaviour of these yarns by comparing numerically
obtained results with real experiment data measured in laboratory conditions. Ten-
sile testing was executed on AR-glass yarns and maximum load-bearing force and
deflection were measured. Together, the tensile response of 44 specimens was ob-
tained. The series for testing were prepared with respect to simulated probabilistic
model giving the information about possible experiment outcomes, and due to an
expected observation of statistical size effect [2] (dependence of strength on length
of reinforcing textile yarn) described by Weibull.
The thesis is divided into six chapters. Right after the introduction, the second
chapter starts with a theoretical background for the numerical model determination,
where basic theories and principles like the Extreme Value Theory [1], the Weakest
Link Principle and the Statistical Size Effect are described. Then the setup pro-
cedure of the computational model is presented together with the Weibull Theory
[2] and the extension of this theory for the purpose of TRC yarns’ study. Though,
the probabilistic model for the tested impregnated AR-glass reinforcement yarns is
taking into account the effect of yarn’s free length – “the free-length elements” and
the effects of lateral “cross-connections”, which are present as a remainder of former
reinforcement grid.
The third chapter deals with the numerical model establishment. The model
is defined by variable parameters, which represent the possible disorder sources of
either one of above discussed elements. The influence of parameter randomization
on the overall response and hypothesis about possible outcomes are evaluated next.
The chapter continues with a description of several mathematical methodologies for
identification of model parameters such as the Maximum Likelihood method [7].
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These paramaters are obtained by comparing the numerical model with real exper-
iment data and fitting the model as close as possible to real behaviour of multi-
filament yarns. Finally, the chapter includes a simplified determination of elastic
modulus of given impregnated AR-glass reinforcement material.
Chapter four contains the experimental part, where firstly the specimens’ prepa-
ration and tensile testing are described. The original reinforcement grid is cut into
individual yarns with cross-connections. These yarns are then adjusted to be eligible
for testing. The set up description for testing machines measuring force and deflec-
tions is followed by testing methodology and listing of specimen series. After that
there are presented the measured results in the form of load-deflection diagrams.
Finally, photographs documenting various failure modes of the tested samples are
shown in the last part of this chapter.
The next chapter “Results interpretation” deals with the resulting experimental
quantities of maximum breaking force and maximum strain. Futher on the results
of model parameter estimation are presented and evaluated. The real situation is
compared with the numerical model and a conclusion is made about the model
correspondence with reality. The modulus of elasticity is calculated and compared
to the data provided by manufacturer.
The final summary of the study is presented in the conclusion. The appendix
part shows interesting photographs from the execution of individual experiments.
The practical goal of the study was to evaluate the tensile resistance of AR-glass
multi-filament yarns and determine the weakest link of this kind of filament yarn
with cross-connection. The attention pointed towards the cross-connections, where
a possible weakening or stress concentration could affect the yarn failure.
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2 STATE OF THE ART
2.1 Introduction
This thesis analyses statistical strength of fibrous reinforcement for Textile Rein-
forced Concrete (TRC). TRC is a composite material developed for civil engineer-
ing practice. This material opens up the potential of new applications within the
use of members with comparatively lesser thicknesses. Many problems are to be
yet examined, behavior and possible arrangements of reinforcement in concrete are
being studied. This thesis describes the behavior of multi-filament grid reinforce-
ment made of textile glass fibers GEP-90-38/21 manufactured by Soligrid company.
It is composed of alkali resistant glass yarns, which are strengthened by synthetic
resin. The reinforcement forms a grid, however, the grid was cut into individual
elements – yarns (see Fig. 4.2). These yarns can be viewed as a series consisting of
free-length elements and cross-connections. The yarn textiles are interesting from
the point of view of failure. The question that is being answered in this thesis is
what is the failure mechanism in tensile test of specimens cut from the reinforce-
ment grid. Will the failure happen in the cross-connections or in the elements of
free length? Which has bigger influence? Probabilistic model using Weibull distri-
bution must be set up to theoretically estimate the results of experiments. After
that, real experiments under laboratory conditions are performed and furthermore,
the model parameters are adjusted to interpret the experimental results more pre-
cisely. It is applicable throughout structural engineering, where the extrapolation
of material strength from smaller elements tested under laboratory conditions may
lead to construct larger elements in real practice.
2.2 Extreme Value Theory
Every successful engineering design is dependent on appropriate analysis method-
ology. The model should be simple, logical, with the right mathematical solution
and it should reproduce the actual problem. Traditional methods of analysis are not
always sufficient to fulfill these conditions because the real operating conditions of
actual elements can be different from those estimated theoretically. In these meth-
ods, we assume that properties of elements are certainly known. This is actually not
true due to the fact that those properties are under the influence of many incontrol-
lable external factors. That is they are random variables. We are able to establish
distribution functions of these random variables only if we systematically analyze
the history for similar events and conditions. Random character of properties of
elements is usually taken into account using the so-called Safety Factor.
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However, this technique can prove very insufficient for the analysis of many prob-
lems when the only possible solution available is to use Probabilistic Theory and
Mathematical Statistical methods [1]. We are interested in finding the distribution
of extreme values. There is no need to know distributions of all random variables.
What we are interested in are the extreme values, which are the ones that cause
failure of weakest-link systems. For example, the strength of any given element is
always the strength of its weakest link.
Extreme Value Theory is being applied in Structural Engineering for precise
estimates of the probabilities of occurrence of extreme winds, cracks in concrete,
earthquakes, for the safety and economics of structural design. It is applied as
well to material strength, where the analysis of size effect plays a great role. In
many engineering problems, the strength of real structural members is concluded
from the strength of smaller elements tested under laboratory conditions [1]. We
use extrapolation from smaller to much larger elements. It is convenient to use the
Extreme Value Theory in order to analyze the size effect and thus to make this
extrapolation reliable and even possible.
2.2.1 Characteristic values
Typical application of Extreme Value Theory in civil engineering is for characteristic
values as defined in [1]: “A certain value 𝑥 of a random variable 𝑋 is said to be the
characteristic largest value for a period of duration of 𝑛 units if the mean value of
the number of exceedances of that value in such a period is unity.” It is denoted as
𝑢𝑛 because of its dependence on units 𝑛.
𝑛 [1− 𝐹 (𝑢𝑛)] = 1 =⇒ 𝐹 (𝑢𝑛) = 1− 1
𝑛
(2.1)
The characteristic smallest value 𝑣𝑛 is defined by changing 𝑋 into −𝑋 in a similar
manner.
𝑛𝐹 (𝑣𝑛) = 1 =⇒ 𝐹 (𝑣𝑛) = 1
𝑛
(2.2)
The probability of exceeding the characteristic largest value in the period is






which for large 𝑛 tends to 1− exp(−1) = 0.6321
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2.2.2 Weakest link principle
Behavior of any series arrangement of elements is determined by the Weakest Link
Principle described in [1]. The Weakest Link Principle states that the lifetime of
a system depends on the lifetime of its weakest element. If 𝑋1, 𝑋2, ..., 𝑋𝑛 are the
lifetimes of individual elements, then the lifetime of the system is given by 𝑋(𝑖) =
min(𝑋1, 𝑋2, ...𝑋𝑛). If the strength of an element is analyzed, the weakest link of
this element determines the element strength. Thus, larger elements are statistically
weaker than shorter ones. The first order statistic = minimum is the decisive factor
in a lifetime of that element.
2.3 Random strength along individual yarn
In the randomization of material properties of given textile yarn, it is convenient
to distinguish between the variability of material properties through the yarn cross-
section 𝑖 ∈ ⟨1, ..., 𝑛⟩ and variability of strength and stiffness parameters along the
yarn length 𝑗 ∈ ⟨1, ..., 𝑛ref⟩ . The latter is simulated for two material points of each
yarn, when it is necessary to account for the distance-dependent autocorrelation
of properties of these two material points in the spatial randomization along the
yarn length. The lower tail of distribution of yarn strength randomization gives
information about the strength minimum. The minimum is of great importance,
with reference to the Weakest Link Principle, because it defines lifetime of the whole
textile yarn.
According to [3] there are two possible approaches to spatial randomization of
strength:
1) The concept of the yarn is a chain of independent, finite random elements (links)
with random strength from the same probability distribution but given certain
length. The elements with such properties are therefore modeled as Independent
Identically Distributed (IID) random variables. Probability of failure, 𝑃f , is ex-
pressed as the so-called Weibull integral. (Eq. 2.14)
2) In the second approach autocorrelation distance is involved along the yarn and
one-dimensional random field stands for the randomness of yarn strength. Auto-
correlation assumes a certain form of spatial dependence of local strengths over the
yarn length. The dependence is considered in a form of statistical correlation.
In this thesis, spatial independence of local strengths is assumed.
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2.4 Spatial strength randomization using IID
2.4.1 Classical Weibull theory of statistical size effect
The importance of Weibull distribution lies in its extreme value behavior. It is com-
monly applied to fatigue strength of materials. Classical Weibull theory defines the
so-called Weibull integral for strength (Eq. 2.14) as described in [2, 4, 5]. For the
definition it introduces a model of chain (see Fig. 2.1), which is composed of inde-
pendent individually distributed (IID) elements (CDF is the same for all elements)
connected in a series. That means each element has a random strength, which is
actually a random variable with given probability distribution function. Loading is






Fig. 2.1: Chain model composed of individual elements with identically distributed
random strengths
The probability of failure of one independent element is 𝑃1(𝜎), where 𝜎 is the
stress from loading. The survival probability of this element is the complement to
probability of failure 1−𝑃1(𝜎). Consequently, the survival probability of the whole
chain is 1 − 𝑃f (all individual elements must persist). The whole chain persists
only if none of its elements fails. The survival probability of the whole chain is
the product of the survival probabilities of all independent, individually distributed
(IID) elements connected in a series:
1− 𝑃f = (1− 𝑃1) · (1− 𝑃1) · ... · (1− 𝑃1) = (1− 𝑃1)𝑛ref (2.4)
By transforming the equation in the form of logarithm, we obtain:
ln(1− 𝑃f) = 𝑛ref · ln(1− 𝑃1) (2.5)
Practically, the probability of element failure 𝑃1 is a very low number, which leads
to possible simplification of the equation (substitution ln(1 − 𝑃1) = −𝑃1) and we
obtain the equation for the probability of failure of the whole system:
𝑃f(𝜎) = 1− (1− 𝑃1(𝜎))𝑛ref = 1− exp [−𝑛ref · 𝑃1(𝜎)] (2.6)
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The number of individual chain elements can be written as 𝑛ref = 𝑉𝑉r , where 𝑉r is
“representative volume” corresponding to one individual element. It is a component
of total volume of the chain. 𝑃1(𝜎) is the probability of failure of a representative
volume 𝑉r for a given stress 𝜎. Probability of failure 𝑃f is then







The relation 𝑐(𝜎) = 𝑃1(𝜎)
𝑉r
is introduced. It is a function for concentration of defects
and it represents the density of the probability of failure. Weibull defines it in a









where 𝑚 is the Weibull modulus or the shape parameter and 𝑠0 is the scale parameter
of Weibull distribution. Now the function of concentration is substituted into Eq. 2.7
to obtain the probability of failure:










Weibull distribution is described using Weibull probability density function PDF
and cumulative density function CDF. These give random strength of each indvidual
element of the chain:





























if 𝜎 < 0, then 𝑓1(𝜎; 𝑠0,𝑚) = 0. With Eq. 2.4, it is possible to express Weibull
distribution functions CDF and PDF for 𝑛ref number of elements:




= 𝑛ref · 𝑓1(𝜎; 𝑠0,𝑚) · [1− 𝐹1(𝜎; 𝑠0,𝑚)]𝑛ref−1 (2.13)
Plotting PDF, CDF (Fig. 2.2) for various 𝑛ref number of elements shows the ten-
dency of decreasing mean value and standard deviation for increasing 𝑛ref number
of elements in a chain. The Weibull modulus 𝑚 is constant and consequently the




















































Fig. 2.2: Weibull CDF, PDF of strength distribution for increasing number of ele-
ments 𝑛ref
This trend of decreasing strength of the material with increasing number of ele-
mentary units is even more visible from double-logarithmic scale diagram (Fig. 2.3),
where strength is a function of 𝑛ref number of elements. In these logarithmic co-
ordinates the so-called Size Effect Curve for median strength failure probability
(𝑃f = 0.5) is depicted. It is a straight line with slope (−1/𝑚), where 𝑚 is Weibull
modulus (the shape parameter of Weibull distribution). The Weakest Link Prin-
ciple together with the Weibull function for concentration of defects leads to the
definition of Weibull integral. It represents the probability of failure 𝑃f at a given
level of stress 𝜎 for given system:










As noted in [3], for a given Weibull modulus 𝑚 there exists a length 𝑙0 with the
corresponding scale parameter 𝑠0 of random strength distribution. The Malacuya
brackets represent the positive part ⟨∙⟩ = max(∙, 0). The selection of the “reference
length” 𝑙0 and the corresponding parameters 𝑠0 and 𝑚 is arbitrary and re-calculable



























Due to the fact that tensile strength 𝜎 for single yarn is constant and positive,
Eq. 2.14 can be adjusted to:








It is now possible to express the level of strength 𝜎 as a function of the yarn length
𝑙 for a chosen level of probability of failure 𝑃f :






Eq.2.16 can be observed in double-logarithmic scale of stress 𝜎 in dependency to
length 𝑙 as a straight line (see Fig. 2.3 for 𝑃f = 0, 5). The straight line of this size
effect equation has the slope −1/𝑚 and it is passing through the point [𝑙0, 𝑠0]. To
determine the mean strength, it is convenient to integrate Eq. 2.16 over the range
of 𝑃f , which leads to an equation involving the Gamma function Γ:






The coefficient of variation (COV) of yarn strength distribution is a constant de-











Weibull distribution expressed as Weibull integral (Eq. 2.14) has a convenient prop-
erty, which lies in a possibility to alter the scale parameter 𝑠0 for any length 𝑙1 to
reach the same size effect 𝜎(𝑙) and the same probability of failure 𝑃f as was the









The combination of Weibull distribution and the Weakest Link model allows for
arbitrary scaling with respect to the reference length 𝑙0 (see Fig. 2.4).
l0
l1
L = 24 l = 8 l1 0
L = 8 l0
m, s0
m, s  = (l /l ) . s1 1 0 0
(-1/m)
Fig. 2.4: The Weakest Link model with various reference lengths
This feature can be applied to IID random variables simulations. We are able
to numerically generate the size effect with the slope −1/𝑚 in the way of following
process:
1) The assignment of random strength 𝜎𝑗 to each element (elements are non-overlapping) 𝑗 ∈
⟨1, 𝑛ref = 𝑙𝑙0 ⟩ of the yarn following the same distribution of probability.
2) The determination of yarn strength, which means finding the first order statistic
(minimum) of strength of an element from the yarn (weakest link).
3) Evaluation of the mean strength of the yarn done by repeating steps 1) and 2)
𝑛sim times, where 𝑛sim is the number of simulations.
4) Size effect observation by repeating the process for various yarn lengths 𝑙
According to this theory described in [3], the reference length of one element 𝑙1
can be arbitrarly scaled, so it is possible to accomplish randomization with arbitrary
element length. However, for very short yarns, where the length 𝑙1 −→ 0, the scale













































































(b) Equal failure probability distributions for various reference lengths
Fig. 2.5: Arbitrary scaling of Weibull distribution
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These very short yarns would have had an unlimited strength, so it seems rea-
sonable that another model has to be used for infinitely small lengths because of
real strength spatial distribution along the yarn length.
2.4.2 The Weakest Link model for textile yarns
The above described model may not be sufficient for the reinforcing textile yarn
that features free-length elements separated by cross-connections (see Fig. 2.6). The
model has to be extended. To embody series coupling of two types of elements with
random strengths, an ideal model is created, which is composed of two parts.



















Fig. 2.6: Real and ideal model of yarn with cross-connections as the extension of
Classical Weibull Theory
distributed random variables along the yarn length. The second part are the cross-
connections, which represent another set of chain elements, each with random strength
selected from defined probability distribution for cross-connections. Still, the condi-
tion of failure is a failure of the weakest link. It can be either a free-length element
or any cross-connection.
Strenght = min[min strength𝑛ref ; min strength𝑛s ], (2.20)
where 𝑛ref is the number of chain elements – links and 𝑛s the number of cross-
connections.
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Eq. 2.20 expressed with the help of probabilities of failure of the weakest link of
each part is:
𝑃f = 𝑃 (𝑋 ≤ 𝜎) = CDF(𝜎) = min[𝑃1:𝑛ref ;𝑃1:𝑛s ] (2.21)
The probability of failure of length elements 𝑛ref is described using Eq. 2.4 as:
𝑃1:𝑛ref = 1− (1− 𝑃l1)𝑛ref , (2.22)
where 𝑃l1 is the probability that one length element from 𝑛ref fails. Applying the
Weibull distribution function for each of the 𝑛ref independent elements and suitable
adjustment of the equation gives the expression:








where 𝑠l is the scale parameter of Weibull distribution and 𝑚l is the Weibull modulus
(shape parameter). Analogically we may set up the equation for the probability of
failure of cross-connections 𝑛s:








where 𝑠s is again the scale parameter of Weibull distribution for cross-connections
and 𝑚s is the shape parameter. Probability 𝑃s1 is the probability that one of 𝑛s
cross-connections fails. The distribution functions for single free-length and cross-
connection 𝑃l1 and 𝑃s1 are defined as Weibull CDF:















Now it is necessary to add the two problems together in order to establish the
equation of failure for the whole system. The survival probability of the whole
system is a product of two survival probabilities:
1− 𝑃f = (1− 𝑃1:𝑛ref ) · (1− 𝑃1:𝑛s) (2.26)















and after making a simple algebraic adjustments to the equation we obtain the total
probability of failure equal to the cumulative distribution function and by taking its
derivative also the probability density function:











































































Fig. 2.7: Total probability of failure PDF and CDF
The Weibull distribution PDF and CDF of the ideal model are depicted in
Fig. 2.7. There exists an obvious correspondence between the reference length 𝑙ref





That leads to a direct relation between 𝑙ref and Weibull distribution parameters
𝑠l, 𝑚l. This leaves us with six computational model parameters defining the total
failure probability of the system:
 number of free-length elements (with respect to 𝑙ref) . . .𝑛ref
 number of cross-connections . . .𝑛s
 parameters of Weibull distribution of free-length elements . . . 𝑠l and 𝑚l
 parameters of Weibull distribution of cross-connections . . . 𝑠s and 𝑚s
28
3 PROBABILISTIC MODEL OF AR-GLASS YARN
The probabilistic model used for the analysis of AR-glass yarn is determined with
the help of Classical Weibull Theory of statistical size effect [2] and its extension,
Extreme Value Theory [1] and Maximum Likelihood parameter estimation [7]. Due
to the fact that the textile reinforcement of our study is not only a bundle of filaments
in a clear length but there are cross-connections forming a grid (see Fig. 4.1), it is
necessary to study effects of the elements of free length as well as of the cross-
connections. The reinforcement and the matrix both have heterogeneous nature
leading to randomness along the yarn length as well as through its cross-section.
3.1 Probabilistic model establishment
Every effort to model physical phenomena must be anchored in comparison with real
observations. A good model should be verified and validated by a carefully designed
and performed experiment. The traditional approach is to develop a model and then
test its predictive capabilities using a targeted experiment.
In order to establish a hypothesis about the yarn behavior as a whole, it is con-
venient to set up a virtual experiment, which would theoretically predict outcomes
of real experiment. More possible outcomes of the experiment are assumed due to
the fact that there are 2 real types of elements of the yarn – the links themselves
and the cross-connections. The possible scenarios are:
1) The cross-connections have recognizably lower strengths than the length elements.
2) The cross-connections and the length elements are almost of the same strengths.
3) The cross-connections have recognizably higher strengths.
The hybrid (extended) model presented in previous text is useful only in the second
scenario. For the first and the third scenarios, the standard Weibull model suffices.
Each of the virtual outcomes leads to a different look at the real yarn textile. For
example, if the cross-connections are actually the weakest link of the whole yarn,
then it is appropriate to experimentally test one cross-connection (see Fig. 4.3).
However, if the cross-connections have higher strengths than the free-length ele-
ments, it is clear that they will not influence the failure of the textile yarn (the yarn
will fail at one of its free-length elements). Finally, if the cross-connections and the
free-length elements are similarly strong, it is hard to distinguish and determine the
possible outcome of real experiment (it may fail in one of the cross-connections or
in one of the free-length elements).
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The virtual experiment is then evaluated with the following conclusions for real
experiments: (see Fig. 3.1)
1) Test the actual strength of only one cross-connection.
2) Test very short yarn length without any cross-connection.
3) Test the cross-connections together with the free-length elements on different
lengths 𝐿.
4) Test on length 𝐿 as long as possible with as many cross-connections as possible.
The possibility to vary lengths and numbers of cross-connections for future results

















Fig. 3.1: textile yarn model with cross-connections – specimens for experimental
testing
The probability of failure of the textile yarns is stated in Eq. 2.27. In order to
perform virtual experiment it is necessary to invert this function. The principle is
to express stress 𝜎 from this equation as a function of 𝑃f , generate random numbers
from 0 to 1 as probabilities of failure and from them calculate stress at failure 𝜎′.
That gives values of strength 𝜎′ of the virtual experiment. These are statistically
processed and experiment deviation 𝛿 is found. Deviation 𝛿 depends on number of
tested experiments and it decreases with increasing number of experiments. That is
another information that the computation model states: How many real experiments
have to be carried out in order to accurately determine the stress at failure of given
system?
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The standard Weibull model offers cumulative density function as stated in
Eq. 2.10. This equation can be analytically inversed to obtain stress 𝜎 in depen-





𝑚l · 𝑠l (3.1)
However, the extended Weibull model brings up more complicated mathematical
function (CDF – Eq. 2.28), which is impossible to be expressed analytically. To
obtain stress 𝜎 dependent on 𝑃f from this equation it is needed to solve it indirectly
by numerical means. For that it is used the Newton-Raphson iteration method,
which is set up to the model as programming macro. It is necessary to numerically
estimate mean value of the model too, due to its dependency to parameter 𝑠.
The evaluation of the extended computational model leads to the determination
of three cases:
Case 1 (see Fig. 3.2) occurs when the mean value of combined model (influence of
free-length elements and cross-connections together) is distinguishably lower than
the mean value of link model (influence of only free-length elements). This means
that material strength of a cross-connection is smaller than the link strength and
























































Fig. 3.2: Case 1 – The cross-connections have recognizably lower strengths than the
free-length elements.
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Case 2 (see Fig. 3.3) takes place when the cross-connections and the free-length
elements have similar strengths. There is a small decrease in the mean value of
combined model, however, it is not very distinguishable. From this situation, it
is not clear where the failure is going to occur. There is one possible conclusion
in case 2 and that is the combined model giving the same PDF as for the case
when the number of links is 𝑁l = 𝑛l + 𝑛s. It is not necessary to differ links from
cross-connections because they give almost the same probability distribution. The
comparison can be seen in Fig. 3.3, where the orange PDF stands for 𝑁l = 𝑛l + 𝑛s
number of elements and the purple PDF is the failure probability distribution of the







































Fig. 3.3: Case 2 – The cross-connections and the free-length elements are almost of
the same strengths.
connections is significantly more than the strength of free-length elements. The
extended failure probability model is defined only by the weakest links, which are
actually only the free-length elements. The failure of the system will occur always
in one of the elements of free length. The cross-connection influence is neglected











































Fig. 3.4: Case 3 – The cross-connections have recognizably higher strengths
3.1.1 Parameter estimation
On the basis of real experiments executed in laboratory with textile reinforcement
yarns and their statistical evaluation, it was feasible to estimate parameters of
Weibull distribution of free-length elements 𝑠l, 𝑚l and of the cross-connections 𝑠s,
𝑚s. There are various methods for parameter estimation like Maximum Likelihood
method, Method of Least Squares, Method of Moments or Weibull Probability Di-
agram.
At first, the computational model for this problematics uses the Method of Mo-
ments for parameter estimation of standard Weibull model. This methodology de-
fines a direct relationship between the mean value and standard deviation (variation
coefficient) and the model parameters.
COV = 𝜎dev
𝜇
⇔ 𝑠,𝑚 (Eq. 2.17 and Eq. 2.18)
Secondly, for the link model described by Classical Weibull Theory, Weibull
probability plot (a probability paper) was used to estimate parameters 𝑠l and 𝑚l.
Later on, the most precise parameter estimation was performed using program-
ming algorithms setup in Python. For this, it was used the Maximum Likelihood
method and the Least Squares method to minimize an objective function and thus
estimate the parameters of the model at this function’s minima.
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Weibull Probability Paper
The principle of Weibull Probability Paper according to [6] lies in plotting empirical
data into a plot with transformed axis scales. This means that non-linear Weibull
CDF is transformed into linear type function described by common equation 𝑦 =
𝑘𝑥 + 𝑞:
ln [− ln(1− 𝑃𝑖)] = 𝑚 · ln(𝜎)−𝑚 · ln(𝑠) (3.2)
Parameter 𝑚 is given by the slope of this line.




The Probability of failure 𝑃𝑖 dependent on stress at failure 𝜎 is plotted in double
logarithmic scale. Before this, it is divided into individual parts using the following








The axis 𝑥 of the diagram is plotted as ln(𝜎) while the axis 𝑦 is plotted as ln [− ln(1− 𝑃𝑖)].
In this particular scale coming from the properties of Weibull distribution, the de-
pendency is a straight line.
The advantages of this diagram are:
1) Visual check of suitability of Weibull distribution for modeling. (the trend line is
visible as a straight line)
2) Existence of any distant points from the straight line (detection of outliers).
3) Estimation of parameters of Weibull distribution.
Weibull Probability Paper is applicable for two parameter Weibull distribution (the
third parameter equals zero). For non-zero lower bound, the bound must first be
subtracted from individual realizations.
Maximum likelihood method
Parameters of the model will be determined using this method, which lies in es-
tablishing the so-called likelihood function described in [7]. This function can be
adjusted to a logarithmic function for one simple reason – the numbers of probability
distribution are usually so small that for a proper calculation of results it is better
to take logarithms of those numbers.
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PDF𝑖 is the probability distribution function of extended Weibull model for each 𝑖-th
stress at failure 𝜎 of measured experiments. Because of the fact that the logarithm








































)︁𝑚l − 𝑛s · (︁𝑥𝑛𝑠s )︁𝑚s]︁ · [︁𝑛l · (︁𝑥𝑛𝑠l )︁𝑚l ·𝑚l + 𝑛s · (︁𝑥𝑛𝑠s )︁𝑚s ·𝑚s]︁}︁
𝑥𝑛
(3.8)
The loglikelihood function as well as the probability distribution function takes
exactly seven arguments. One of these are the actual measured data of stress at
failure 𝜎, which change with different sample. Another two arguments are fixed
parameters (𝑛l, 𝑛s), which are different for each measurement series. They repre-
sent specimen’s number of reference lengths 𝑛l and number of cross-connections
𝑛s. That leaves four arguments of loglikelihood function (𝑠l,𝑚l, 𝑠s,𝑚s), which will
be determined using optimization methods. The current goal is to find the min-
imum of loglikelihood function using the optimization function “minimize” from
scipy.optimize Python package. Calculating this non-linear regression numerically
gives us the resulting parameters of the model at loglikelihood function’s minimum.
In order to obtain maximum likelihood, it is clear that we must take the negative
of minimized loglikelihood function.
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The python programming code for this method was used in this form:
import numpy as np
from scipy.optimize import minimize
# test series data:
data = np.array([data1, data2, data3, data4, data5])
x = np.linspace(0.1,6000,100)


















# minimizing the maximum loglikelihood function:
opt_params = minimize(loglikelihood, np.array([3200,16,3300,18]),
, args = (np.array([1,1,3,8,29]), np.array([1,0,2,7,28]), data)
, method=’L-BFGS-B’,
, bounds=((1, 6000), (1, 70), (1, 6000), (1, 70)))
print "Parameter Estimation=", opt_params.x
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Least Squares method
This method on the other hand does not use all measured data but it suffices with
sample averages and sample standard deviations for each measured series. It com-
pares these values with similar mean values and standard deviations calculated using




((𝜇mod − 𝜇exp)2) +
∑︁
(0.5 · (𝜎mod − 𝜎exp)2) (3.9)
Minimizing this function again with scipy.optimize function “minimize” and op-
timization of four unknown parameters (𝑠l,𝑚l, 𝑠s,𝑚s) leads to exact solution of these
parameters. The principle of optimization lies in finding the minimal deviation of
compared sample averages with the model mean values and also sample standard
deviations with standard deviations obtained by the model. The objective function
is though dependent on the extended Weibull PDF. The statistical significance of
standard deviation was halved due to the fact that its estimate is statistically less
significant, than the estimate of the mean value.
At first the objective function is established using only comparison of mean values
and parameters are determined. After that the same goes for the objective function
including the halved standard deviation comparison. The results are compared and
evaluated.
Here are the equations for determining the mean value and standard deviation
of the extended Weibull model:
E[𝑋] = 𝜇 =
∫︁
𝑋
𝑥 · PDF(𝑥) d𝑥 (3.10)
𝜎dev =
√︀
E[(𝑋 − 𝜇)2] =
√︃∫︁
𝑋
(𝑥− 𝜇)2 · PDF(𝑥) d𝑥 (3.11)
And the programming algorithm is:
import numpy as np
from scipy.optimize import minimize
mju = np.array([3262.,3197.,3099.,2893.,2617.,]) # test mean values



















x2d = x[:, np.newaxis]
result = np.trapz(x2d*PDF(params,Nl_arr, Ns_arr), x2d, axis=0)
return result
# numerical integration by trapezoidal method





x2d = x[:, np.newaxis]










m = mean(params,np.array([1,1,3,8,29]), np.array([1,0,2,7,28]))




# minimization of the objective function:
opt_params = minimize(objective, np.array([3200,16,3500,18])
, args = (np.array([1,1,3,8,29]), np.array([1,0,2,7,28])),
, method=’L-BFGS-B’,
, bounds=((0, 6000), (0,70),(0, 6000), (0,70)))
print "Parameter estimation=", opt_params.x
Both methods should work well for solving the parameter estimation problem and
they should result in similar optimized parameters. The exact solution of four
parameters of the model leads to a conclusion about the behavior of the textile
reinforcement yarns.
3.2 Modulus of elasticity determination
The E-modulus is determined from the load-deflection diagram of all measured sam-
ples. Its value is taken in the linear part of the diagram. It is taken at 40 % of
maximum breaking force for each specimen. Together, an average E-modulus is de-
termined and taken as an approximate value for the AR-glass textile reinforcement.
3.3 Summary
The computational model is set-up using comparison with real experimental data.
At first, the parameter studies have been performed with random failure probabil-
ities at failure stress level to observe the behavior of the extended Weibull model.
This studies help in understanding how the change of parameters affects resulting
probability distribution of weakest links, what part of the yarn could possibly be the
weakest link and three situations of possible behavior as described before were con-
cluded. The model was checked for its proper mathematical functioning in order to
be used based on real experimental data. After the experiments were executed, pa-
rameters of the model were estimated using various mathematical techniques, from
maximum breaking force and strain of measured data. The attention was given es-
pecially to the expected size effect of different yarn lengths and to the determination
of the weakest link as well. When this model is properly set up and compared to
real experiments, the estimated model parameters can be used for extrapolation to
longer yarns and though determining their tensile strengths. This is commonly used
in civil engineering practice, where small size samples are tested in laboratory con-





The experiments are composed of tensile tests executed on textile reinforcement
yarns. Tensile force is inserted and measured by tensile loading machine, while ad-
ditional information about technical strain or elongation is given by 3D measuring
optical system. The main goal of experimental testing is to validate the computa-
tional model formulated above and to find out the influence of cross-connections on
yarn strength. Various yarn lengths and thus different number of reference lengths
are tested for possible observation of statistical size effect. The validation of the
model should provide model parameters. These parameters are estimated in accor-
dance to measured and statistically analyzed data. The experiment itself leads to the
determination of ultimate strength of failure and L-D diagram for each individual
specimen.
4.2 Experiment preparations
Textile concrete reinforcement made from alkali-resistant glass was used as the ma-
terial for testing. It is composed of bundle of AR-glass filaments, which are im-
pregnated in epoxy resin. It is manufactured by SOLIDIAN company , marked
SOLIGRID® and there were used two types of this reinforcement:
Glass reinforcements soligrid® Q50-GEP-38 and soligrid® Q90-GEP-21.
GEP means Glass Epoxy Resin. 50 (90) stands for cross-sectional area [mm2] per 1
meter. 38 (21) is an axial distance between two cross-connections.The approximate
material characteristics of GEP reinforcement are listed in table 4.1.
Fig. 4.1: soligrid® Q50-GEP-38 and soligrid® Q90-GEP-21
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Strength 1500 MPa
Area of 1 yarn 1, 85 mm2
Modulus of Elasticity 72 GPa
Tab. 4.1: GEP material characteristics
That gives breaking force P around 2, 775 kN.
As it can be seen from Fig. 4.1, the original manufactured reinforcement is in a
form of a grid. However, for the purpose of testing and evaluation, this grid is cut
into individual yarns of various lengths – see Fig. 4.2).
Fig. 4.2: Specimen series of type Q50-GEP-38
This is how the specimens are prepared. Five different lengths of specimens
are tested. Firstly, it is the clear length of distance between two cross-connections.
Then the clear lengths 100 mm and 300 mm of Q50-GEP-38 are prepared. After, the
specimens representing a cross-connection are created to observe the behavior of one
cross-connection (see Fig. 4.3). Finally the specimens with maximum measurable
length with as much cross-connections as possible are made from Q90-GEP-21.
Fig. 4.3: Specimen with one cross-connection
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The specimens prepared for each series are:
 10 samples for free length between two cross-connections (Q50-GEP-38)
 10 samples representing a cross-connection(Q50-GEP-38)
 8 samples for clear lengths 100 mm (Q50-GEP-38)
 8 samples for clear lengths 300 mm (Q50-GEP-38)
 8 samples for clear lengths 600 mm (Q90-GEP-21)
Total number of samples 44 pcs
Preparation of 1 sample 45 min
Testing of 1 sample 15 min
Experiment setup for each series 2 hours
Tab. 4.2: Time consumption of the experiment
4.2.1 Specimen manufacturing
After the reinforcement grid is cut into individual textile yarns of a certain length,
it is necessary to provide bearing to the ends of each yarn so it would be able to be
clamped by hydraulic clamps. This bearing is made with the help of special silicon
forms manufactured just for this purpose (see Fig. 4.4).
Fig. 4.4: Silicon forms for specimen preparation
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The forms serve as a container in which the reinforcement is put in and then
high strength mixture of epoxid EP 210-2 with epoxid EPH412-2 (Fig. 4.5) is poured
onto the reinforcement to harden and though create a hard matter bearing. The
result is a 75 mm long anchoring block on each side of the yarn respecting the clear
length of each series.
Fig. 4.5: Quick-hardening stiff mixture of epoxy
The specimens are manufactured in wooden tracks prepared for the silica forms
to fit in (see Fig. 4.6). The hardening process of epoxid mixture takes about 24
hours. After it is hardened it should be able to bear the tensile loading sufficiently
and thus allow for the reinforcement yarns to be tested objectively.
Fig. 4.6: Wooden tracks for specimen preparation
The total number of specimens used for the evaluation of results was lowered in
some series due to arose problems at the stage of specimen manufacture (maximally
one outlier in a series). All samples were prepared and stored in the same conditions.
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4.3 Experiment setup
Fig. 4.7: Loading machine with
hydraulic tensile clamps
The tensile tests were done with the help of
loading machine Z100 by Zwick/Roell Gruppe.
There were two possible force heads (measure
of force) available – 2.5 kN or 20 kN. Due to
the expected force N around 2, 775 kN, the lat-
ter was used. In order to connect reinforce-
ment yarn into the tensile loading machine, the
hydraulic clamps were mounted onto the ma-
chine (see Fig. 4.7). The clamps were self-
locking with pre-stressing screws. The mea-
surement of force was evaluated in the ma-
chine’s software installed in a separate computer.
For the measurement of displacement, a deflec-
tion extensometer was used. It was attached
right under the upper hydraulic clamp and right
next to a clamped specimen (see Fig. 4.8).
However, it was expected that this deflection ex-
tensometer connected directly onto the hydraulic
clamps was not going to measure proper results.
That was due to the fact that the hydraulic clamps together with the force head
form a system of springs and thus there was a possible slip either inside the hydraulic
clamps or between the two machine parts. For this reason another device for the
measurement of deflection was used.
Fig. 4.8: Clamped extensometer
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The device was 3D optical system GOM ARAMIS 5M (see Fig. 4.9), which is
using the digital image correlation method to calculate measured displacements of
monitored surfaces. It is commonly used for optical 3D deformation analysis in vari-
ous fields of engineering. ARAMIS gives the understanding of material behavior dur-
ing real time data processing in arbitrary, multiple positions on a test object surface
[11]. It is a non-contact system, independent of material, which can measure either
statically or dynamically loaded experiments.
Fig. 4.9: GOM ARAMIS 5M optical mea-
suring system
Deflection (strain) is only one of the
quantities that ARAMIS is able to eval-
uate. It is suitable to use ARAMIS
for the determination of material prop-
erties like Young’s modulus. ARAMIS
is composed of two cameras directing
on a certain measured area of speci-
men, two lights improving the light con-
ditions at the measured area and a com-
puter with a software analyzing mea-
sured data. As concerns the setup of
ARAMIS 5M, it can prove to be a
rather complicated process in compar-
ison to measurement by classical deflec-
tion extensometer. ARAMIS needs to
be properly assembled, the light condi-
tions must be adjusted for perfect cap-
ture of its cameras and it must be cali-
brated using special calibration devices.
It is also necessary to mark a tested
specimen with particular raster of dots
because it is these dots, whose deflec-
tion is measured and later on evalu-
ated. That is why every single one of
the tested specimens had label with this
raster of dots. The cameras were cap-
turing shots of these dots position every second and after the experiment has been
finished, the difference between these dots in particular points on an object surface
was taken as displacement.
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Fig. 4.10: Hydraulic clamps, clamped extensometer (red arrow) and ARAMIS ready
for testing
4.3.1 Testing schedule
series length date tested samples total
I3 30 mm 12.12.2014 1,2,3 3
I10 100 mm 12.12.2014 1,2,3 3
I30 300 mm 18.12.2014 1,2,3 3
IIS 35 mm 12.3.2014 1,2,3,4,5,6 6
II3 30 mm 13.3.2014 1,2,3 3
IIIS 35 mm 19.3.2014 1,2,3,4 4
III3 30 mm 20.3.2014 1,2,3,4 4
III30 300 mm 26.3.2014 1,2,3,4,5 5
III10 100 mm 27.3.2014 1,2,3,4,5 5
III60 300 mm 30.3.2014 1,2,3,4,5,6,7,8 8
total samples 44
Tab. 4.3: Time schedule of tested series
All samples scheduled were
tested in approximately
the same laboratory con-
ditions. Still, for every
testing series, there was
a necessity to prepare the
used testing devices and re-
calibrate optical measuring
system ARAMIS for cur-
rent light conditions of the
laboratory. It can be said
that there was no effect of
the surrounding laboratory
conditions on the samples
testing. The testing sched-
ule is listed in table 4.3.
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4.3.2 Testing methodology
Fig. 4.11 schematically shows the testing methodology. First of all, the tensile load-
ing machine must have been properly prepared. Hydraulic clamps were connected
to a loading machine’s force head and a pressure input to the clamps was exerted
by a compressor. This pressure was set to 4 bars so that the epoxy-resin anchor-
age would not be damaged by superfluous clamp pressure. When the clamps were
connected to the loading machine, it was convenient to tighten the threads between
the force head and the clamps in order to achieve continuous load distribution and
unified displacement. After that, the machine software had to be adjusted to suit
each individual experiment.
Fig. 4.11: Diagram of testing methodology
At the beginning, the software was set up in such a way that one experiment
would take around 5 min. That corresponds to calculated strain 4/min. However,
the testing of experiment series for smaller clear lengths (series S and 3) had to be
fastened up to 8-10/min to obtain 5 min long experiments. That lead to position-
controlled setup of machine’s software (see table 4.4). Test program was set for each
series according to this table. There was always a pre-load of 50 N. The reaction




Series Strain Displacement Start Preload
/min mm/min position
S 8 0,27 35 mm 50 N
3 10 0,304 30 mm 50 N
10 4 0,4 100 mm 50 N
30 4 1,2 300 mm 50 N
60 4 2,4 600 mm 50 N
Tab. 4.4: Test program
Once the loading machine and all its parts had been prepared, the time had come
to setup and calibrate optical measuring system ARAMIS as described beforehand.
This procedure was followed by the preparation of each specimen. All the specimens
were checked for any defect or imperfection from the manufacturing process.
After, the squares with point raster were attached to the specimens. The loading
machine’s cross-head was set to its start position and the samples were inserted into
the tensile loading machine. The extensometer lever arm was put onto suitable place
at one of the clamps and the experiment was ready to start.
4.4 Measured data
During the experiment the displacement was measured by ARAMIS optical system
and by the clamped extensometer as well. The tensile force was measured by the
force-head of loading machine. The result of each test was a load-deflection diagram
describing the yarn behavior.
Displacement was measured with two separate deflection meters in order to get
to know the influence of inaccuracy. It showed up that the deflection measured
by independent optical system was more precise due to differences in displacement
between the measures of the clamped extensometer and ARAMIS. The clamped ex-
tensometer was influenced by an ongoing displacement inside the hydraulic clamps
as a part of loading system unit. Of course this had no effect on external optical
system, which was targeting the point rasters placed on each specimen in front of the
edge of hydraulic clamps. The displacement and force data were recorded continu-
ously during the whole process of testing and the data were saved into computers.
The resulting load-deflection diagrams (taking into account displacement measured
by ARAMIS and force from the tensile loading machine) are shown in Fig. 4.17.
The figure shows all the series together distinguished by different colors.
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Some of the measured curves had to be edited because of imperfect stiffness of
the tensile test machine or measured deflection deviations. Each individual series
is plotted in the following figures. As it is visible from LD diagram of all samples,
the specimen stiffness changes with the change of yarn length. The longer the
textile yarn of tested sample, the lower the stiffness. This is obvious from the real
experimental fact that whenever longer yarn fails, the failure mechanism is very
brittle. On the other hand, the shorter multi-filament yarns’ behavior at failure is
less aggressive.



























Fig. 4.12: Measured series S
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Fig. 4.13: Measured series 3
























Fig. 4.14: Measured series 10
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Fig. 4.15: Measured series 30






















Fig. 4.16: Measured series 60
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Fig. 4.17: Measured series all together
4.5 Textile yarn fracture behavior
Considering the actual breaking of individual specimens, it cannot be clearly dis-
tinguished whether the fracture always happens in the place of a cross-connection
or an element of free length. This is the most non-definite situation and leads
to beforehand described case 2 (see Fig. 3.3), when the cross-connections and the
length elements are almost of the same strengths. From the result of experiments
it is visible that most of failures took place at free-length elements, however, a few
others failed at a cross-connection. Though, the number of fractures at free-length
elements was more frequent. In the case of longer samples the fracture happened
most of the times continuously through a part of the yarn length. It seems like a
cross-connection has a bit higher strength but not very recognizably. Due to this
fact it is assumed that a cross-connection is not primarily the weakest spot and that
the failure mechanism can occur in any part of the textile yarn. There are a few
photos for illustration on the next page.
52
Fig. 4.18: Break at a cross-connection
Fig. 4.19: Break at a free-length between cross-connections
Fig. 4.20: Continuous Break over a part of the yarn length
Fig. 4.21: Break at a free-length element and a cross-connection
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4.6 Summary
The results obtained by real experiments executed on textile yarns of five different
lengths have been reported. They will serve for the identification of model pa-
rameters and for the verification of the model. The knowledge of load-deflection
diagrams obtained by tensile testing gave the opportunity to estimate parameters
of the computational model, their mutual interaction and their influence on tex-
tile reinforcement yarns with increasing length. The parameters of the model will
be influenced by the fact that most of the failures took place at the free-length
elements. The uncertainty of failure occurrence points to a possible ambiguity of




The evaluation of the measured load-deflection diagrams has led to the determi-
nation of maximum breaking forces 𝐹𝑖 [N] for each specimen. It happened to be
convenient to create a probabilistic model, which would describe current behavior
of AR-glass textile reinforcement yarns of different lengths. The creation procedure
of such a model is shown in Fig. 5.1. The basic principle lies in including the as-
sumed relationship between the measured data and the probability of failure that
comes out from the extreme value theory, to each sample. That gives a failure
probability distribution of measured series. However, in order to set up parameters
of this probabilistic model, it is necessary to establish a simulation of this model
using a simple principle of inversion analysis. There, the relationship is opposite.
Given the probability of failure 𝑃f (it being the CDF of strength) the model re-
turns the corresponding failure stress 𝜎. These two parts of the model are then
put together and compared. Using mathematical and numerical methods the model
parameters 𝑠l,𝑚l, 𝑠s,𝑚s are determined and can be used for future description of
material behavior as well as for the extrapolation to larger textile yarn sizes due to
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Fig. 5.1: Experiment – model relationship
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5.2 Experiment results
The measured test data were evaluated and the following tables show the maximum
breaking forces 𝐹 [N] and, for illustration, also the maximum tensile resistance
𝜎 [MPa]. As it is seen from the average values of breaking force, the strongest
series was the one that contained one cross-connection (series S). Further on, the
series decreased in strength with increasing yarn length. The weakest series was the
one containing twenty-nine free-length elements and twenty-eight cross-connections
(series 600). This demonstrates the principle of Statistical Size Effect.
BREAKING FORCE [N]
L [mm] S-40 30 100 300 600
sample 1 3003,05 3499,07 3137,47 2917,58 2631,89
sample 2 3342,15 3185,61 2787,88 2724,36 2516,74
sample 3 3264,13 2970,96 2941,63 3014,41 2998,96
sample 4 2985,58 3558,89 2986,45 3046,17 2427,46
sample 5 3004,50 3517,30 2998,96 2987,95 2445,87
sample 6 – – 3408,85 2870,82 2676,77
sample 7 3543,56 3019,24 3228,05 2499,74 –
sample 8 3341,84 2852,14 3308,67 3083,52 2624,61
sample 9 3456,67 2944,87
sample 10 3419,70 3228,05
soligrid® Q50-GEP-38 Q90-GEP-21
∅ FORCE P [kN] 3,262 3,197 3,100 2,893 2,617
Tab. 5.1: Measured maximum breaking force [N]
To compare the material strength of AR-glass textile reinforcement yarns, there
is table 5.1 showing yarns’ bearing resistance expressed as stress. The values of
around 1600 MPa indicate high strength of material, considering the fact that the
cross-sectional area of these yarns is 1.85 mm2. This is purely a tensile bearing
resistance, when the AR-glass reinforcement is the most applicable. Load-deflection
diagrams showed typical behavior of brittle material, when there were no softening
branches after reaching the peak, the specimens rather broke instantly into pieces.
An interesting fact is that the break of longer yarns (series 300, 600) happens in such
a way that the material breaks into many pieces, while shorter yarns do not (the
matter breaks along the length but stays in two pieces).
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The Experimental data were statistically processed and the estimations of the
first two statistical moments of the distribution of strength are listed in the table
below:
TENSILE RESISTANCE [MPa]
L [mm] S-40 30 100 300 600
sample 1 1623,27 1891,39 1695,93 1577,07 1422,64
sample 2 1806,57 1721,95 1506,96 1472,63 1360,40
sample 3 1764,39 1605,92 1590,07 1629,41 1621,06
sample 4 1613,83 1923,72 1614,30 1646,58 1312,14
sample 5 1624,05 1901,24 1621,06 1615,11 1322,09
sample 6 – – 1842,62 1551,79 1446,90
sample 7 1915,44 1632,02 1744,89 1351,21 –
sample 8 1806,40 1541,70 1788,47 1666,77 1418,71
sample 9 1868,47 1591,82
sample 10 1848,49 1744,89
soligrid® Q50-GEP-38 Q90-GEP-21
∅ STRESS [MPa] 1763 1728 1676 1564 1415
Tab. 5.2: Maximum tensile stress [MPa]
STATISTICAL QUANTITIES
L [mm] S-40 30 100 300 600
average strength 3262,35 3197,35 3099,75 2893,07 2617,47
sample stand.dev. 213,49 271,82 207,82 195,56 193,65
coeff. of variation 0,06544 0,08501 0,06705 0,06760 0,07398
Tab. 5.3: Statistically analyzed experimental data
5.3 Parameter estimation results
Parameters were estimated using various methodologies. At first, the Classsical
Weibull Theory was applied to a series with one free-length element (without cross-
connections). To estimate the two parameters of standard Weibull distribution, two
methods have been used – the Method of Moments and Weibull Probability Paper.
This led, of course, to the estimation of parameters of the free-length elements 𝑠l,𝑚l.
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Right after that, the Extended Weibull model was used to determine the behavior
of elements of free length with cross-connections together. The Maximum Likeli-
hood method and the Least Squares method were used to determine parameters of
the extended model. It was necessary to use programming algorithms in Python
language as described in third chapter of this thesis.
5.3.1 Method of Moments
One of the ways to determine the parameters of the strength distribution of free-
length elements was to create a diagram of mean strength in dependency to the
number of these elements in double logarithmic scale (see Fig. 5.2). The slope of
the fitted straight line is supposed to yield the slope parameter 𝑚l.
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Another way to calculate parameter 𝑚l was to express it from Eq. 2.18 with the
coefficient of variation of measured data. For the inversion of this equation, the








The shape parameter was calculated for each series and then an average was taken
as the estimated parameter of the model. However, in ideal case (without statistical




The scale parameter 𝑠l was calculated from Eq. 2.17 using the previously obtained







E[𝑠l] = 3312 N
Concerning the significance of statistical deviation a cumulative density function

































Fig. 5.3: Failure probability constructed from experimental data
Individual series measurement of maximum breaking force data were placed in
order from the smallest value to the highest and each of these data was assigned
the same portion of probability 𝑃𝑖 = 1/𝑛 (𝑛 is number of samples in one series).
This constructed CDFs compared to the failure CDFs derived from Weibull CDF
for each series shows statistical deviation due to the fact that there were not enough
samples tested to obtain statistically significant results. The deviation was taken as
a difference between an estimated coefficient of variation and model COV.
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The estimation of parameters 𝑚l, 𝑠l was performed with an average value of this
deviation 𝛿 = 9, 33 · 10−5. There are CDFs comparisons of three series – series S,
10 and 30 shown in Fig. 5.3. Each series differ in parameters of number of elements
of free length and cross-connections 𝑛l, 𝑛s and they have different estimates of the
mean value and scale parameters.
5.3.2 Weibull Probability Paper
Measured data of stress at failure 𝜎 with the probability of failure 𝑃𝑖 were plotted
in Weibull probability paper. On axis 𝑥, the transformed probability positions
ln[− ln(1− 𝑝𝑖)] are plotted, while axis 𝑦 shows the tensile strength.
Non-linear Weibull CDF was transformed into linear type function 𝑦 = 𝑘 · 𝑥+ 𝑞
according to Eq. 3.2. Parameter 𝑚 was given by its slope and parameter 𝑠 was






















Fig. 5.4: Weibull probability paper for series 3
The trend line’s equation is: 𝑦 = 11, 057 · 𝑥− 89, 684
𝑚l = 11,06
𝑠l = exp(−(−89, 684/11, 057)) = 3331 N
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5.3.3 Optimization by the Maximum Likelihood Method
The result of optimization algorithm in Python for MLM was:
Parameter Estimation= [3376.35654074 15.85505575 3530.39369975 70.]
𝑠l = 3376 N, 𝑚l = 15,86, 𝑠s = 3530 N, 𝑚s = upper boundary
5.3.4 Optimization by the Least Squares Method
Objective function of mean value
The result of optimization algorithm in Python for MLS – 𝜇 was:
Parameter Estimation= [3356.56633964 16.59883831 4135.50135447 70.]
𝑠l = 3357 N, 𝑚l = 16,60, 𝑠s = 4136 N, 𝑚s = upper boundary
Objective function of mean value + standard deviation
The result of optimization algorithm in Python for MLS – 𝜇, 𝜎 was:
Parameter Estimation= [3355.57918343 16.71410684 3595.72798077 70.]
𝑠l = 3356 N, 𝑚l = 16,71, 𝑠s = 3596 N, 𝑚s = upper boundary
The values of the objective function are plotted 2D in Fig. 5.5 and 5.6. The di-
agram represents the dependency of two model parameters, while the other two
model parameters are fixed. There are shown four possible combinations. The yel-
low points describe the combination of plotted parameters at which the function
has its minimum. The fixed parameters are given by previously ran algorithms.
The cyan points represent the combination of plotted parameters, which were iden-
tified by minimizing the objective function. In the case of the parameter 𝑚s, three
cyan point are shown for the visualization of uncertain characteristics of this pa-
rameter. This visual check shows proper functioning of the parameter identification
algorithms.
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Fig. 5.5: 2D plot of objective function for 2 parameters
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Fig. 5.6: 2D plot of objective function for 2 parameters
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5.3.5 Conclusion
As it is seen from the optimization of parameters of the extended computational
model, there are three parameters determining the behavior of AR-glass yarns 𝑠l,
𝑚l, 𝑠s. The third parameter 𝑠s varies with each optimization method, so its influence
can not be clearly stated, however, it reveals that the strength of cross-connection is
higher than the strength of free-length element. The fourth parameter, 𝑚s, is very
high and reaches every time the upper boundary of set-up algorithmic minimization
function. So the parameters 𝑠s, 𝑚s are not influencing the extended Weibull dis-
tribution function of yarn failure. From that it is clear that the cross-connections
themselves are not affecting the failure of the whole system. That leads to the fact
that standard Weibull theory would be sufficient for the calculation of the proba-
bilistic model.
The cross-connections are well made by the manufacturer and they allow con-
tinuous transfer of loading to the free-length elements. It cannot be said that they
are the weakest link, although there were some cases, when the failure occurred
at a cross-connection. The probabilistic model fit with reality suggests that the
cross-connections are of similar strengths as the free-length elements, while their
parameter 𝑠s is bigger than that of the free-length elements, which indicates slightly
higher values of cross-connections’ strength. Unfortunately, the definite influence of
a cross-connection is not obvious because there was no available experiment, where
only a cross-connection would be tested without any free length. The weakest links
of the textile yarn are the elements of free length, whose model parameters 𝑠l, 𝑚l
determine the failure probability for the whole system. In the table 5.4, there is a
Method 𝑠l 𝑚l 𝑠s 𝑚s
Least Squares 𝜇 3356,5 16,6 3968,9 70
Least Squares 𝜇, 𝜎 3355,6 16,7 3595.6 70
Maximum Likelihood 3376,4 15,9 3530,4 70
Least Squares 𝜇 3356,6 16,6
Least Squares 𝜇, 𝜎 3352,1 16,8
Maximum Likelihood 3360,3 16,4
Tab. 5.4: Extended Weibull model (1st three rows) compared with Classic Weibull
model (2nd three rows)
comparison of parameter estimation between the used extended Weibull model and
classical Weibull model and also between the three used parameter identification
methods. The similarity in these parameter results proves the unique minimum of
minimized function at a combination of estimated model parameters.
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Furthermore, it points to the fact that classical Weibull model would be sufficient
to use and thus the influence of cross-connections can be neglected.
Fig. 5.7 shows the probability distribution function of the free-length elements
and the cross-connections using the fitted model parameters. It can be seen that
the cross-connections are rarely influencing the total yarn failure and so that the
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Fig. 5.7: Approximate relationship of textile yarn elements
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5.4 Determination of E-modulus
E-modulus was calculated from the linear branch of LD-diagram at 40% of maximum
breaking force. This value of force divided by corresponding value of strain taken




𝜀0.4 · 𝐴f [GPa] (5.3)
This process was repeated for each specimen and finally an average modulus of
elasticity was taken as material characteristic of AR-glass textile reinforcement.
Two of the samples showed much higher values of 𝐸 than others, that is why they
were excluded from calculation because of safe design. Simplified determination of
secant modulus of elasticity is given in the following table:
MODULUS OF ELASTICITY
Specimen 𝐹max [N] 𝜀max 𝐹0.4 [N] 𝜀0.4 𝐹0.4𝜀0.4 𝐸 [GPa]
I3-1 3499 0,0262 1398 0,0098 140209,4 76
I3-2 3184 0,0226 1274 0,0086 145771,8 79
I3-3 2969 0,0201 1187 0,0081 142548,9 77
II3-1 3551 0,0225 1417 0,0094 155025,0 84
II3-2 3514 0,0300 1400 0,0111 119576,8 65
II3-3 2402 0,0074 959 0,0023 409352,6 –
III3-1 3009 0,0234 1197 0,0109 108835,8 59
III3-2 2848 0,0203 1130 0,0067 160879,4 87
III3-3 2930 0,0143 1165 0,0056 202767,7 –
III3-4 3222 0,0214 1288 0,0090 146401,0 79
IIS-1 2997 0,0227 1196 0,0082 145650,4 79
IIS-2 3332 0,0223 1324 0,0096 138568,8 75
IIS-3 3262 0,0245 1303 0,0089 145365,8 79
IIS-4 2981 0,0240 1190 0,0092 128774,7 70
IIS-5 2999 0,0347 1194 0,0127 93971,0 51
IIS-6 2513 0,0306 1001 0,0091 102965,7 56
IIIS-1 3535 0,0259 1408 0,0095 148683,3 80
IIIS-2 3336 0,0274 1330 0,0111 119333,4 65
IIIS-3 3449 0,0265 1374 0,0121 112783,6 61
IIIS-4 3413 0,0291 1360 0,0116 117635,2 64
Tab. 5.5: Average E-modulus determination
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MODULUS OF ELASTICITY
Specimen 𝐹max [N] 𝜀max 𝐹0.4 [N] 𝜀0.4 𝐹0.4𝜀0.4 𝐸 [GPa]
I10-1 3133 0,0297 1249 0,0126 98814,1 53
I10-2 2780 0,0243 1106 0,0085 120105,3 65
I10-3 2933 0,0198 1167 0,0069 161808,0 87
III10-1 2985 0,0275 1193 0,0104 108005,6 58
III10-2 2999 0,0282 1358 0,0101 116432,0 63
III10-3 3405 0,0282 1358 0,0101 128678,7 70
III10-4 3224 0,0280 1284 0,0109 115116,5 62
III10-5 3302 0,0275 1317 0,0104 120544,2 65
I30-1 2908 0,0197 1161 0,0075 147598,5 80
I30-2 2713 0,0186 1085 0,0070 147739,9 80
I30-3 3006 0,0205 1195 0,0076 149349,7 81
III30-1 3043 0,0209 1214 0,0080 147104,4 80
III30-2 2981 0,0207 1189 0,0078 146559,0 79
III30-3 2861 0,0202 1139 0,0078 142216,6 77
III30-4 2494 0,0168 996 0,0065 146975,3 79
III30-5 3075 0,0199 1222 0,0074 157617,0 85
III60-1 2625 0,0194 1047 0,0077 150646,4 81
III60-2 2507 0,0180 996 0,0067 141045,0 76
III60-3 2583 0,0186 1033 0,0072 137398,4 74
III60-4 2420 0,0176 965 0,0067 137084,1 74
III60-5 2436 0,0170 969 0,0063 145297,9 79
III60-6 2669 0,0124 1062 0,0078 129531,0 70
III60-7 2143 0,0145 849 0,0055 146736,2 79
III60-8 2619 0,0180 1041 0,0068 145616,3 79
average= 73 GPa
Tab. 5.6: Average E-modulus determination
With an average of 73 GPa the measured E-modulus corresponds with the orig-
inal estimate of 72 GPa given by the manufacturer.
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6 CONCLUSION
The Bachelor’s thesis presents a profound numerical and experimental study of AR-
glass textile reinforcement behavior. Textile reinforcement material represents the
multi-filament yarns made of alkali-resistant glass which are impregnated in epoxy
resin. Originally, it exists in a form of a reinforcement grid. For the purpose of the
study the reinforcement grid was first cut into individual rows to create a textile
yarn with the so-called “free-length elements” of the yarns oriented in the direction
of tensile loading and with “cross-connections” representing direction lateral to the
tensile loading as a remainder of the original reinforcement grid. One reinforcement
yarn is composed of several hundreds or thousands filaments with a diameter of tens
of micrometers. This type of concrete reinforcement is nowadays an upcoming ma-
terial in certain kinds of constructions in civil engineering, however, it is applicable
in other fields of engineering, too. Textile reinforced concrete provides a cementi-
tious matrix with high compressive strength together with high tensile resistance of
the AR-glass textile reinforcement. The concrete cover of textile reinforcement is
sufficient very small because AR-glass yarns are not endangered by corrosion. That
leads to a possible small thickness of textile concrete members and though a reduc-
tion of weight. The material was developed from fiber-reinforced concrete, where in
time the orientation of fibers was adjusted in the direction of tension, which is for
now the most efficient possibility. Another advantage of TRC is the ductile response
on structure’s loading.
The experimental part was executed for the purpose of tensile testing of textile
yarns of different lengths. It took place in experimental laboratory of the Depart-
ment of Structural Mechanics at Brno University of Technology. Five series with dif-
ferent yarn lengths were tested. The series differ in the number of cross-connections
as well. All together 44 samples were tested and their response under tensile loading
observed. An external displacement measuring device GOM ARAMIS 5M was used
for the measurement of deflection, while the maximum breaking force was measured
through a force-head in tensile loading test machine. The experiment results added
the knowledge of maximum breaking force at corresponding deformation plotted as
LD diagrams.
The experiment was initially performed virtually using the suggested probabilis-
tic model. This model was setup based on Weibull theory of Statistical Size Effect.
This theory was extended due to the problematics of another element in ideal chain
model – the cross-connections. The yarn itself is imagined as a bundle of many
filaments and cross-connections with zero friction in between. Random parameters
of the model then represent possible disorder options. The mutual interaction be-
tween randomized parameters was modeled giving the theoretical bundle response.
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Moreover, the Statistical Size Effect of bundle length was described corresponding
to a modified classical Weibull theory. The analytical bundle behavior was com-
pared with numerical simulations and the model was fitted according to the real
experiments.
With the knowledge of measured load-deflection diagrams from experiments
there was a possibility to estimate parameters of the probabilistic model. These
parameters were identified using optimization techniques of non-linear regression in
such a way that the model would fit as precisely as possible to the real situation.
This of course was hard to achieve because the reality can vary any time even though
a numerical model was fitted correctly. This model could determine the response of
larger specimen sizes thanks to the applicable Weibull theory of size effect.
To predict the result of an experiment such as this one, a person must be skilled
and experienced in present material testing because perfect knowledge is required
with the performing of this kind of research. The test results can be influenced either
by the experiment procedure or by used tools and devices. It must be said that the
material characteristics obtained by an experiment depend on used methodology
and current conditions during the testing. It is also convenient to point out that
real behavior of the material can be different in some random cases, which do not
follow the fitted numerical model. However, the experimental testing is nowadays
the only way to validate the probabilistic model.
The problem statement of this thesis was to verify the hypothesis that cross-
connections may be possible weak spots in the impregnated reinforcing AR-glass
yarn. In order to accept or reject this hypothesis, a probabilistic weakest link model
has been formulated and a targeted experiment was performed. The experimentally
measured data processed with the help of the model show that the cross-connections
have minor effect on reinforcement strength. Due to the high variance in statistical
strength, the research was not able to accurately determine the cross-connection
strength. Unfortunately, it was not possible to prove that the textiles would fail at
the location of cross-connections in sufficient amount of cases. On the contrary, it
points to the fact that the cross-connections are not the weakest links. The statis-
tical strength (or its variance) of a cross-connection can not be determined because
there was no experiment concentrated solely on cross-connections. In every exper-
iment, there was at least some free length affecting the system failure. The initial
conjecture that a cross-connection weakens the textile yarn due to stress concen-
tration has not been confirmed. The reason might be that the epoxy impregnation
has significantly lower Young modulus than AR-glass yarns. The cross-connections,
which were to be examined as a possible weakening of the textile, proved to be
stable and not-affecting the yarn failure in most experimental cases. The identified
probabilistic model parameters indicate to the same situation.
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The reinforcement is well made by the manufacturer and thus allows for continuous
load distribution through the whole bundle without any presence of load concentra-
tors at the location of the lateral cross-connections.
The possible direction of continuation of this study would be the establishment
of a probabilistic model for textile reinforced concrete. The model would have to
include the information about the textile reinforcement, the concrete matrix and
their mutual interaction – bond properties between the matrix and reinforcement.
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LIST OF SYMBOLS, PHYSICAL CONSTANTS
AND ABBREVIATIONS
Af cross-sectional area of textile yarn
AR-glass alkali resistant glass
Γ Gamma function
𝑐(𝜎) function for concentration of defects
CDF cumulative distribution function
COV coefficient of variation
𝛿 model parameter estimation deviation
E Young’s modulus of elasticity
𝜀0.4 strain at 40 % of maximum force
𝜀max maximum strain
𝐹 tensile force
𝐹1 cumulative distribution function
𝑓1 probability density function
𝐹𝑛ref probability of failure corresponding to the extreme value theory
𝑓𝑛ref probability density corresponding to the extreme value theory
𝐹max maximum force
𝐹0.4 force at 40 % of its maximum









𝑚l shape parameter for free-length element Weibull distribution
𝑚s shape parameter for cross-connection Weibull distribution
𝑛 number of units
𝑛l number of free-length elements
𝑛s number of cross-connections
𝑛r𝑒𝑓 number of reference lengths
PDF probability density function
𝑃1(𝜎) probability of failure of one element
𝑃𝑖 portion of probability for 𝑖-th element
𝑃f probability of failure
𝑠l scale parameter for free-length elementWeibull distribution
𝑠s scale parameter for cross-connection Weibull distribution
𝜎 stress
𝜎dev standard deviation
𝜎e stress obtained from experimental testing
𝜎m stress obtained from numerical model
𝜎(𝑙) model mean strength
𝜎med median strength
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